Let E and F be complex Banach spaces. We say that a holomorphic mapping / from E into F is compact respectively bounding if / maps some neighbourhood of every point of E into a relatively compact respectively bounding subset of F . Recall that a subset of E is bounding if it is mapped onto a bounded set by every complex valued holomorphic mapping on E . Compact holomorphic mappings have been studied by R. Aron and M. Schottenloher in [1] . Since every relatively compact subset of a Banach space is trivially bounding it is clear that every compact holomorphic mapping is bounding. We show that the product of three bounding holomorphic mappings is compact.
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Let E and F be complex Banach spaces. We say that a holomorphic mapping / from E into F is compact respectively bounding if / maps some neighbourhood of every point of E into a relatively compact respectively bounding subset of F . Recall that a subset of E is bounding if it is mapped onto a bounded set by every complex valued holomorphic mapping on E . Compact holomorphic mappings have been studied by R. Aron and M. Schottenloher in [1] . Since every relatively compact subset of a Banach space is trivially bounding it is clear that every compact holomorphic mapping is bounding. We show that the product of three bounding holomorphic mappings is compact.
In this note we deal with compact and bounding holomorphic mappings on Banach spaces. We prove that the product of three bounding holomorphic mappings is compact. This result is a holomorphic analogue of a result in [6] from which follows that a locally convex space E is Schwartz iff it is quasi-normable and every equicontinuous, weak*-null sequence in the dual of E converges to zero in the strong topology E'". Finally, we briefly consider the problem under which condition every holomorphic mapping from C(K) into E is compact, where K is a compact Hausdorff space and C(K) is the Banach space of continuous functions on K.
For Banach spaces E and F let H(E ,F) denote the vector space of all holomorphic mappings from E into F , i.e. all continuous F-valued mappings on E which are Gateaux-analytic. A subset B of a Banach space E is called limited, if every a(E , £)-null sequence in E converges uniformly to zero on B and bounding, if every / e H(E) is bounded on B. Since a sequence ln in E' is a(É , £)-null iff J2T=o C *s a holomorphic mapping on E [4] , it is easily seen that ( 1 ) Every bounding subset of a Banach space is limited. Further since every holomorphic mapping is continuous, we have (2) Every relatively compact subset of a Banach space is bounding.
Let us also recall that a subset B of a Banach space is called conditionally weakly compact, if every sequence in B contains a weak Cauchy subsequence. The following results follow from [2] because of (1) (cf. also [4] It is not known if there exists any limited set which is not bounding. For the Banach space /^(r), T arbitrary, B. Josefson [5] has proved that limited and bounding sets are the same. This is also true for every injective Banach space, because every Banach space .embeds in l^T) for suitable T. When E is a Grothendieck space with the Dunford-Pettis property then the limited and conditionally weakly compact subsets of E coincide. Hence the three concepts limited, bounding and conditionally weakly compact coincide, if E is an injective Banach space. As an example let us mention that C(K) spaces are injective for compact extremally disconnected spaces K.
Let us now define what we mean by a compact respectively bounding holomorphic mapping.
Definition. Let E and F be Banach spaces. A mapping / e H(E, F) is said to be compact, weakly compact, bounding respectively Rosenthal, if for each je e E there is a neighbourhood V of x such that f(Vx) is a relatively compact, relatively weakly compact, bounding respectively conditionally weakly compact subset of F .
Of course every compact holomorphic mapping is bounding and this in turn is Rosenthal. If the target space is an injective Banach space, then conversely every Rosenthal holomorphic mapping is bounding. Note also that a continuous «-homogeneous polynomial p: E -> F is compact, weakly compact respectively Rosenthal, if it maps any bounded subset of £ to a relatively compact, relatively weakly compact respectively conditionally weakly compact subset of F .
In the sequel we shall need that the closed absolutely convex hull of a conditionally weakly compact set is conditionally weakly compact. This can be proved in the following way using limited sets, as was shown to the author by Thomas Schlumprecht. Indeed, let A c E be conditionally weakly compact. Since the closed absolutely convex hull of a limited set is trivially limited, it follows that TA is limited in I (T) for suitable T. Hence TA is conditionally weakly compact in ¡^(T), and we conclude that FA is conditionally weakly compact in E.
We shall now prove that a holomorphic mapping / is Rosenthal, if it is Rosenthal near the origin and also that conditional weak compactness of f is equivalent to conditional weak compactness of its derivatives at each point. Analogous results for compact and weakly compact holomorphic mappings have been proved in [1] and [9] respectively. We need the following lemma from [9] , where a subset U of E is called circled if Xx e U for every x e U and every X e C with \X\ = 1. Lemma 1. Let f € H(E ,F). If U c E is circled and x e E, then l/n\d"f(x)(U)cTf(x + U) for every n G N.
Proposition 2. Let f e H(E , F). The following are equivalent:
(i) / is Rosenthal.
(ii) / maps some zero-neighbourhood in E into a conditionally weakly compact subset of F.
(iii) dnf(x) is a Rosenthal polynomial for every nGN and every x e E.
(iv) d"f(0) is a Rosen thal polynomial for every n e N.
Proof. Because of Lemma 1 we only have to show that (iv) implies (i). Let x e E.
Since / e H(E ,F), we have for some e > 0 that f(y) = J2™=0 l/nld"f(0)(y) uniformly for y e B(x ,e). By the assumption, for each k G N, the set |¿i/«W7(0)(v):
yeB(x,e)\ is conditionally weakly compact. We claim that f(B(x,e)) is conditionally weakly compact. Let (ym) be a sequence in B(x , e). We must exhibit a weak Cauchy subsequence of (f(ym)). Put zkm = £¡=o l/n\dnf(0)(ym).
Hence by a diagonal process there is a weak Cauchy subsequence In order to prove the announced result we need a generalization to holomorphic mappings of the factorization theorem of W. Davis et al. [3] . But this has already been done by R. Aron and M. Schottenloher in [ 1 ] where they obtained a factorization theorem of compact holomorphic mappings. In [9] R. Ryan has <(3-ii/nr'-¿.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use used their methods to prove a factorization theorem for weakly compact holomorphic mappings. Since we need factorization of compact, weakly compact and Rosenthal holomorphic mappings we only have to consider the case when the holomorphic mappings are Rosenthal. Because UM is bounded, {J2n=0l/n\d /(0)(y): y € UM} is conditionally weakly compact for each k e N. Therefore, arguing as in the proof of Proposition 2, we conclude that f(UM) is conditionally weakly compact. Now it is easily seen that
is a conditionally weakly compact set whose span contains f(E). Let L denote the closed absolutely convex hull of K. Then it can be shown as in [ 1, Proposition 3.5] that f:E->FL is holomorphic.
Since every weakly compact linear mapping can be factorized through a reflexive Banach space and every Rosenthal linear mapping (i.e. the image of the unit ball is conditionally weakly compact) through a Banach space not containing /, the following corollary follows: Corollary 3.1. Let f e H(E, F). Then f is weakly compact respectively Rosenthai iff there exist a Banach space G which is reflexive respectively does not contain a copy of lx, a continuous linear mapping g: G -* F and a holomorphic mapping h: E -* G such that f = g o h .
Now we are ready to prove the main result. (5) and the fact that the holomorphic image of a bounding set is bounding. From Corollary 3.1, follows that Fx is reflexive. This means that g, of e H(E, Fx) is compact, according to (4) . Thus h o g o / g H(E, H) is compact, and the first part is proved. The converse implication follows from Proposition 3 and the fact that every compact linear mapping can be represented as a product of three compact linear mappings.
Since every bounding subset of a Banach space is limited, it follows that every bounding linear mapping is limited, i.e. the image of the unit ball is limited. I do not know if the converse result is true, but the main result in [6] says that the product of three limited linear mappings is compact. The abovementioned generalization of the Josefson-Nissenzweig theorem was obtained from this result. In connection with Theorem 4 we also want to point out that there is no complete characterization of those Banach spaces in which bounding subsets agree with relatively compact subsets.
We shall conclude this note by investigating when holomorphic mappings from C(K) into E are compact, where K is a compact Hausdorff space. The proof of our remark is based on the following result due to A. Pelczynski [8] : Every continuous polynomial mapping on C(K) into a Banach space E, which does not have a subspace isomorphic to c0, is compact iff K is a dispersed compact Hausdorff space. We denote the space of all compact holomorphic mappings from E into F by HK(E ,F). The space of all compact (respectively weakly compact) linear mappings from E into F is denoted by K(E , F) (respectively W(E , F) ).
Remark. Let AT be a dispersed compact Hausdorff space, C(K) an infinitedimensional Grothendieck space and E a Banach space. If K{C(K),E) = W(C(K),E), then H(C(K), E) = HK(C(K), E).
Proof. . Let us assume that E contains a copy of c0. Let now x'n be a a(C(K)', C(A^))-null sequence in C(K)'. Then the continuous linear mapping T: C(K) -► c0, x r-> x'n(x), is weakly compact, since C(K) is a Grothendieck space. This means that the composition C(K) -► c0 <-> E is compact by the assumption.
Hence T is compact, and it follows that x'n is norm null in C(K) . This is a contradiction to the Josefson-Nissenzweig theorem, and consequently we can assume that E contains no copy of cQ. Take an arbitrary / € H(C(K), E). Then dnf(0)/n\: C(K) -* E is compact for each n e N by the above result of A. Pelczynski. Thus / e HK(C(K), E) by Proposition 3.4 in [1] .
In [1] R. Aron and M. Schottenloher obtained a similar remark also based on the same result of A. Pelczynski. In the case that the target space is c0 we have the following result from [7] : Let E be a quasi-normable space. Then E is Schwartz iff L(E , c0) = K(E, c0) iff H(E, c0) = HK(E, c0).
